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Abstract
In recent work of Lusztig and He [G. Lusztig, Parabolic character sheaves I, Mosc. Math. J. 4 (2004)
153–179; G. Lusztig, Parabolic character sheaves II, Mosc. Math. J. 4 (2004) 869–896; X. He, Unipotent
variety in the group compactification, Adv. Math. 203 (2006) 109–131; X. He, The G-stable pieces of the
wonderful compactification, Trans. Amer. Math. Soc., in press] certain decompositions are introduced in the
wonderful compactification of an adjoint group G. To establish them a combinatorial machinery introduced
by Bédard is used.
The present note gives another approach to these results. We derive them in Section 3 from a result
about G, an analogue of Bruhat’s lemma proved in Section 2 (see Theorem 2.6). Basic in our approach is
the elementary Lemma 1.6. The approach can also be used to deal with properties of Lusztig’s parabolic
character sheaves. We do not go into this here.
© 2007 Elsevier Inc. All rights reserved.
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1. Preliminaries
1.1. G is a connected, reductive, linear algebraic group over the algebraically closed field k.
Fix a maximal torus T of G and a Borel subgroup P∅ ⊃ T . The Weyl group NG(T )/T is denoted
by W . For w ∈ W we denote by w˙ a representative of w ∈ NG(T ), not necessarily always the
same.
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R is the root system of (G,T ) and R+ ⊂ R is the system of positive roots defined by P∅. Its
set of simple roots is S. We identify it with the set of simple reflections. l is the corresponding
length function on W .
For I ⊂ S denote by RI ⊂ R the subsystem with basis I . Denote by WI its Weyl group and
by WI the set of minimal length coset representatives of W/WI . Then
WI = {w ∈ W ∣∣w.I ⊂ R+}.
w0,I denotes the longest element of WI . Then w0,Sw0,I is the longest element of WI . For I, J ⊂
S put WI,J = (WI )−1 ∩WJ .
PI ⊃ P∅ denotes the standard parabolic subgroup defined by I . We have a bijection WI,J →
PI\G/PJ sending w ∈ WI,J to PI w˙PJ .
The unipotent radical of a parabolic subgroup P is denoted by UP and the full radical by RP .
Recall that if P and Q are parabolic subgroups
P ∧Q = (P ∩Q).UP
is a parabolic subgroup contained in P . All parabolic subgroups occurring in the sequel will
contain T .
1.2. Let P and Q be parabolic subgroups. There exist unique I, J ⊂ S and x ∈ WI ,y ∈ WJ
such that P = xPI and Q = yPJ . Let B = xP∅, C = yP∅. These are Borel subgroups of P ,
respectively, Q.
Put xWI,J y−1 = ΣG(P,Q) (or simply Σ(P,Q)). Then w 	→ Pw˙Q defines a bijection
Σ(P,Q) → P \G/Q. Observe that Σ(Q,P ) = Σ(P,Q)−1.
We define ΣG(P,Q) also in the case that G is connected but not necessarily reductive. In
that case denote by U its unipotent radical. T and P∅ being as before, we define ΣG(P,Q) =
ΣG/U(P/U,Q/U), the second set being defined using the maximal torus T U/U and the Borel
group P∅/U .
We return to the situation of the previous paragraph. If LI , LJ are the Levi groups of PI ,
respectively, PJ containing T then L = xLI , M = yLJ are the Levi groups of P , respectively,
Q containing T .
B∩L = x(P∅ ∩LI ) = B∩ xLI is a Borel group of L and B = (B∩L).U . Likewise, C∩M =
y(P∅ ∩LJ ) is a Borel group of M and C = (C ∩M).V .
We define ΣL( , ) (and ΣP ( , )) using the Borel group B ∩L of L.
1.3. Lemma. (i) Let w ∈ ΣG(B,Q). There exist unique u ∈ ΣG(P,Q) and v ∈ ΣP (B,P ∧ uQ)
such that w = vu;
(ii) Let u ∈ ΣG(P,Q). Then ΣP (B,P ∧ uQ)u ⊂ ΣG(B,Q).
Proof. Let I, J ⊂ S,x, y ∈ W be as before. Let u ∈ ΣG(P,Q) and write u = xby−1 with b ∈
WI,J . Then P ∧ uQ = x(PI ∧ bPJ ) and it is well known (see [C, Ths. 2.7.4, 2.8.7]) that this
group is xPI∩b.J . Observing that P ∧ uQ contains B ∩ L, the definitions then show that (i) and
(ii) are equivalent to
(i)′ For a ∈ WJ there exist unique b ∈ WI,J and c ∈ (WI )I∩b.J with a = cb;
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By a result of Howlett (see [C, Prop. 2.7.5]) we can write the element a uniquely in the form
a = cbd with b ∈ WI,J , c ∈ (WI )I∩b.J , d ∈ WJ . (ii)′ is established in the course in the proof
of [C]. Then if a ∈ WJ it follows from (ii)′ that d cannot make negative a root of J , whence
d = 1. This proves (i)′. 
1.4. We will also need some auxiliary results of another kind. If A is an algebraic group
acting on the variety Z we denote by F(Z,A) the family of A-stable subsets of Z. Clearly, it is
stable under taking unions, intersections, complements and closures.
Let G and H be connected linear algebraic groups over k and let X be a k-variety with
a faithful G × H -action. Assume that a quotient H\X exists and denote by π the projection
X → H\X (G and H are viewed as subgroups of G × H in the obvious manner). Then G acts
on H\X.
1.5. Lemma. (i) π induces a bijection of F(X,G × H) onto F(H\X,G). It respects unions,
intersections and complements;
(ii) A ∈ F(X,G × H) is open (respectively, closed, locally closed) if and only if the same
holds for π(A).
Proof. (i) is clear. It is well known that the quotient map π is open. If A ⊂ X is a closed
G×H -stable subset of X then π(X −A) = H\X − π(A) is open, so that π(A) is closed.
If A is a locally closed G × H -stable subset then A is open in its closure A, which is G ×
H -stable. The same holds for the closed set A − A. Applying π we see that π(A) = π(A) −
π(A−A) is locally closed.
We have proved the “only if” part of (ii). The converse is easy. 
In the sequel we shall say that a bijection between two families of the type F(Z,A) is good if
it respects unions, complements and closures. It then also respects inclusions, intersections and
locally closed sets.
Now assume in the situation of Lemma 1.5 that a quotient G\X also exists.
Applying Lemma 1.5 twice we obtain a bijection
α :F(H\X,G) →F(G\X,H).
1.6. Lemma. (i) α is good;
(ii) α induces a bijection of the set of G-orbits O in H\X onto the set of H -orbits in G\X
and α(O) = α(O);
(iii) If A ∈ F(H\X,G) is irreducible and closed then so is α(A) and dimα(A) = dimA −
dimG+ dimH .
Proof. (i) and (ii) follow from the previous lemma. For (iii) observe that in (ii) of that lemma we
have dimπ(A) = dimA− dimH , if A is closed. 
Now assume that k = Fq , an algebraic closure of the finite field Fq . Assume that in the setup
of 1.4, G,H,X and the action of G × H are defined over Fq . We then have the following com-
plement to Lemma 1.6. (|Σ | denotes the cardinal of the set Σ .)
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case for α(A);
(ii) We then have |α(A)(Fq)| = |G(Fq)|−1|H(Fq)|A(Fq)|.
Proof. This follows from a similar complement to 1.5. Its proof is a straightforward application
of Lang’s theorem, using the connectedness of G and H . Details are left to the reader. 
2. The group ΔG,P,Q,σ
2.1. Let P and Q be parabolic subgroups of G (containing T ). Denote by L (M) the Levi
group of P (respectively, Q) containing T and put U = UP , V = UQ. Denote by πP and πQ the
projections P → L,Q → M .
As before, let P = xPI , Q = yPJ (x ∈ WI , y ∈ WJ ). If LI , LJ are the Levi groups of PI ,
respectively, PJ containing T then L = xLI , M = yLJ .
Also, B = xP∅ and C = yP∅ are Borel groups in P , respectively, Q.
Assume that we are given an isomorphism (of algebraic groups) σ :L → M which stabilizes
T (a subgroup of both L and M). Then
σ˜ = Int(y˙−1) ◦ σ ◦ Int(x˙)
is an isomorphism LI → LJ , stabilizing T . It induces an isomorphism δ of the root system RI
of (LI , T ), which has basis I , onto the similar system RJ . We say that σ is standard if δ(I ) = J .
It follows from the definitions that then C = σ(B).
Notice that if σ is standard, σ−1 is a standard isomorphism M → L.
2.2. Let σ be a standard isomorphism L → M . Define
Δ = ΔG,P,Q,σ =
{





This is a subgroup of P ×Q. (Similar groups occur in [EL] and [LY].) Δ acts on G by (p, q).x =
pxq−1.
Notice that 2 dimU = dimG− dimL = dimG− dimM = 2 dimV . It follows that
dimΔ = dimL+ dimU + dimV = dimL+ 2 dimU = dimG.
Also notice that (p, q) 	→ (q,p) induces an isomorphism
ΔG,P,Q,σ → ΔG,Q,P,σ−1 .
Example. If P = Q = G then x = y = 1. The automorphism σ of G is standard if and only
if it stabilizes both T and B . Now Δ  G and the action on G becomes σ -twisted conjugacy:
(g, x) 	→ gx(σ (g))−1.





Each piece is Δ-stable.
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sition with uniqueness
Z = (u−1L∩M).(u−1L∩ V ).(u−1U ∩M).(u−1U ∩ V ). (2)
Q∧ u−1P = Z.V is a parabolic subgroup contained in Q. Its image in M is a parabolic subgroup
of M , which we write as σ(P1), where P1 is a parabolic subgroup of L.
L1 = σ−1(u−1L ∩ M) is the Levi group of P1 containing T and U1 = σ−1(u−1U ∩ M)
is its unipotent radical. The restriction to Z of σ−1 ◦ πQ defines a surjective homomorphism
π :Z → P1.
Likewise, P ∧ uQ is a parabolic subgroup contained in P . Its image Q1 in L is parabolic
with Levi group M1 = L∩ uM and unipotent radical L∩ uV . The restriction to Z of πP ◦ Int(u˙)
defines a surjective homomorphism π ′ :Z → Q1.
Also, Int(u˙) ◦ σ induces an isomorphism σ1 of L1 onto M1. It is determined by σ and u up to
an inner automorphism Int(t) (t ∈ T ).
2.4. Lemma. σ1 is standard.
Proof. With the notations of 1.2 put u = xby−1, where b ∈ WI,J . Then by [C, Ths. 2.7.4, 2.8.7],









M1 = xLI∩b.J .
It is now straightforward to show that σ1, the isomorphism L1  M1 induced by Int(u˙) ◦ σ , is
standard. 
Z acts on P × Q by z.(p, q) = (pu˙z−1u˙−1, zq) and Δ acts on P × Q by (p′, q ′).(p, q) =
(p′p,q(q ′)−1) ((p′, q ′) ∈ Δ,(p,q) ∈ P × Q). The two actions commute, so we have an action
of Z ×Δ.
z 	→ (π(z),π ′(z)) defines a surjective homomorphism, with kernel u−1U ∩ V , of Z onto a
group of the same kind as Δ, viz. Δ1 = ΔL,P1,Q1,σ1 .
2.5. Lemma. (i) The map α :P × Q → PuQ sending (p, q) to pu˙q is a quotient map for the
Z-action;
(ii) The map β :P × Q → L sending (p, q) to σ−1(πQ(q))πP (p) is a quotient map for the
Δ-action;
(iii) The Z-action on L = Δ\P × Q passes through the quotient Δ1. The Z-orbits on L
coincide with the Δ1-orbits.
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For w ∈ ΣG(B,Q) put Gw = Δ.(Bw). Recall that an automorphism τ of the algebraic
group H is quasi-semisimple if it fixes a maximal torus of H and a Borel group containing
it.
Part (i) of the next theorem is an extension of Bruhat’s lemma, to which it reduces in the case
that P = Q = B .
2.6. Theorem. (i) G is the disjoint union of the sets Gw (w ∈ ΣG(B,Q));
(ii) Let w ∈ ΣG(B,Q). There is a connected reductive subgroup HG,w ⊃ T of G, provided
with a quasi-semisimple automorphism τG,w fixing T , such that there is a good bijection γ
between Δ-stable subsets of Gw and subsets of HG,w which are stable under τG,w-twisted con-
jugacy.
Proof. First consider the case that P = G. Then also Q = G and (i) states (cf. the example
of 2.2) that G is the union of the twisted conjugates gB(σ(g))−1 of B , which is a result of
Steinberg, proved in [St, 7.3].
Now assume that P = G. In that case the proof of (i) is reduced to the previous case by an
inductive argument. We claim:
A Δ-orbit on G contains an element of some Bw, where w ∈ ΣG(B,Q).
Using (1) we see that it suffices to prove the claim for an orbit O contained in PuQ, where
u ∈ ΣG(P,Q). With the notations of Lemma 2.5, β(α−1(O)) is a Δ1-orbitO1 in L. By induction
on dimG we may assume that it contains an element a ∈ (B ∩ L)v, with v ∈ ΣL(B ∩L,Q1) =
ΣP (B,P ∧u Q). Then β−1(O1) contains (a,1) and O = α(β−1(O1)) contains au˙, an element
of (B ∩L)v˙u˙. By Lemma 1.3(ii), vu lies in ΣG(B,Q) and the claim follows.
Hence G is the union of the Gw . To establish (i) it remains to prove that the union is disjoint.
Let w ∈ ΣG(B,Q) and write, according to Lemma 1.3(i), w = vu with v ∈ ΣP (B,P ∧ uQ),
u ∈ ΣG(P,Q). By Lemma 1.6 there is a bijection between Δ-stable subsets in PuQ and Δ1-
stable subsets in L. Under this bijection Gw corresponds to Lv . By induction L is the disjoint
union of the sets Lv (v ∈ ΣL(B∩L,Q1). This implies that PuQ is the disjoint union of the Gvu.
(i) follows.
(ii) is obvious if P = G. So assume that P = G. Write w = vu, as before. By induction
we may assume (ii) to hold for L and Δ1. Then HG,w = HL,v , τG,w = τL,v have the asserted
properties. 
2.7. Corollary. γ induces a bijection between Δ-orbits and τG,w-twisted conjugacy classes.
Proof. This follows from the proof of part (ii). 
2.8. Corollary. τG,w acts on T as wσ .
Proof. With the notations using the proof we have wσ = vσ1 (if P = G). The corollary follows
by induction. 
2.9. Corollary. A Δ-orbit in Gw is closed in Gw if and only if it meets Tw.
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P = G. Then σ is an automorphism of G fixing T and B .
We have the σ -twisted conjugacy action of G on itself ((g,h) 	→ gh(σg)−1) and what we
have to show is that a closed σ -conjugacy class meets T . Let G1 be the quotient of G by its radi-
cal (a semisimple group) and let G2 be the simply connected cover of G1. Using that the quotient
map G → G1 is open one sees that it suffices to deal with the case of G1 and the automorphism
σ1 induced by σ . Also, σ1 can be lifted to an automorphism σ2 of G2 (by [St, 9.16]). Using that
the map G2 → G1 is finite one checks that it suffices to prove the assertion for G2 and σ2. This
reduces the proof to the case that G is semisimple and simply connected.
σ induces a permutation of the set S of simple roots. We say that σ is a diagram automorphism
if the homomorphisms xα :Ga → G associated to the roots can be chosen such that σ ◦ xσα = xα
for α ∈ ±S. Using that there is t ∈ T such that Int(t) ◦ σ is standard we see that we may assume
that σ is standard. In that case the assertion is a consequence of [Sp2, Prop. 3]. 
2.10. Corollary. Δ acts transitively on Gw if and only if wσ has no eigenvalue 1.
Proof. In the assertion we view wσ as acting on the complexified character group of T .
Using part (ii) of the theorem and Corollary 2.8 the proof is reduced to the case that HG,w =
L = G and τG,w = σ . There is only one σ -twisted conjugacy class if and only if the fixed point
group Gσ is finite. By [St, 10.12] this can only be if G is solvable and then G = T . It is well
known that T σ is finite if and only if σ has no eigenvalue 1. This proves the corollary. 
Let w ∈ ΣG(B,Q) and write w = xw¯y−1 with w¯ ∈ WJ .
2.11. Proposition. Gw is locally closed and irreducible, of dimension dimP + l(w¯).
Proof. That Gw is locally closed follows from the proof of Theorem 2.6, using Lemma 1.6. The
irreducibility is clear.
To prove the formula for the dimension we may assume that P = G. As in the proof of
Theorem 2.6 write w = vu, with v ∈ ΣP (B,P ∧uQ), u ∈ ΣG(P,Q). Put v = xcy−1, u = xby−1
with c ∈ (WI )I∩b.J , b ∈ WI,J (see the proof of Lemma 1.3). By [C, Prop. 2.7.5] l(w¯) = l(b) +
l(c).
Using Lemma 1.6(iii) we find that
dimGw + dimZ = dimLv + dimΔ.
By induction we may assume that dimLv = dimP1 + l(c). Since dimΔ = dimG (see 2.2) the
assertion of the proposition is equivalent to
dimZ = dimG− dimP + dimP1 − l(b). (3)
Now dimZ = dim x−1uZ and by (2) we have a unique product decomposition















where UI , UJ denote the unipotent radicals of PI , respectively, PJ .
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phic to LI ∩ bUJ . So
dimP1 = dimLI ∩ bLJ + dimLI ∩ bUJ
and similarly for Q1. Since the Levi group M1 of Q1 is isomorphic to the Levi group L1 of P1,
the unipotent radicals of the parabolic subgroups P1 and Q1 of L have the same dimension and
it follows that
dimLI ∩ bUJ = dimUI ∩ bLJ .
l(b) is the number of positive roots made negative by b. These roots lie in R+ −RJ . The number
of roots of R+ −RJ made positive by b equals





(dimG− dimM) = 1
2
(dimG− dimL).
We now deduce from (4) that
dimZ = dimP1 + 12 (dimG− dimL)− l(b).
Since 12 (dimG− dimL) = dimG− dimP = dimUP , (3) follows. 
Remark. For b ∈ WJ put b∗ = w0,Sbw0,J . Then b 	→ b∗ is an involutorial bijection of WJ . The
formula of the corollary can also be written as dimGw = dimG− l(w¯∗).
Now assume that G,P,Q and T are defined over the finite field Fq and that T is split over
that field.
2.12. Corollary. Gw is defined over Fq and |Gw(Fq)| = ql(w¯)|P(Fq)|.
Proof. The proof follows the same lines as that of the proposition. Instead of counting dimen-
sions one counts numbers of rational points. 
3. A special case
In this section we assume that G is adjoint and that σ is an automorphism of G fixing T and
the standard Borel group P∅. It induces an automorphism of R and W , also denoted by σ , which
stabilizes the set of simple roots S.
We denote by ι = −w0,S the opposition involution of R.
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group PI . Then P−I = xPιI with x = w0,Sw0,ιI . The Levi group of P−I containing T is LI .
The group P−I × PI acts on the left on LI by





where p ∈ PI , q ∈ P−I , l ∈ LI . It acts on the right on G×G. Put
ZI = (G×G)×P−I ×PI LI .
Denote by CI the center of LI and by GI its commutator group. Since G is adjoint CI is a torus
and GI is adjoint. Then LI = GI .CI and GI is isomorphic to the adjoint group of LI .
In the same manner as ZI we define
XI = (G×G)×P−I ×PI GI .
This is a piece of the boundary of the wonderful compactification X of G, see [Sp1, p. 73]. G×G
acts on the left on ZI and XI in an obvious manner.
CI acts on ZI via a right action on LI . The proof of the following facts offers no difficulty.
3.2. Lemma. (i) GI = ZI/CI ;
(ii) The quotient map ZI → XI is G×G-equivariant.
Put Δ = ΔG,P−I ,PI ,id. It is a subgroup of P
−
I ×PI . Via the right action of P−I ×PI on G×G
we define a right action of Δ on G×G.
3.3. Lemma. The map (G × G) × LI → G × G (x,y,∈ G,z ∈ LI ) with ((x, y), z) 	→ (x, yz)
induces a G×G-equivariant isomorphism π :ZI → G×G/Δ.
Proof. That the map induces a G × G-equivariant morphism φ follows from the definitions.
Both varieties are G×G-equivariant bundles with basis G/P−I ×G/PI and fiber LI . Also, φ is
compatible with the projections on G/P−I ×G/PI and induces an isomorphism of the fibers over
(P−I ,PI ) compatible with the actions of the stabilizer of that point. The lemma follows. 
Let Gd,σ be the σ -twisted diagonal subgroup of G×G, consisting of the (g, σg) (g ∈ G). It
acts on ZI and XI in the obvious manner.
Put
ΔI,σ = ΔG,PσI ,P−I ,σ−1|σLI .
It acts on G as in 2.2. It is straightforward to see that the restriction σ |LI is standard in the sense
of 2.1.
3.4. Lemma. (i) There is a good bijection of the family of Gd,σ -stable subsets of ZI , respectively,
XI onto the family of ΔI,σ -stable subsets of G;
(ii) In the case of ZI the bijection preserves dimensions of irreducible closed subsets. In the
case of XI such dimensions decrease by |S − I |.
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natural left action of Gd,σ on G × G. The right action of Δ on G × G then leads to the action
of Δd,σ on G. The statements now follow from the preceding lemmas and Lemma 1.6. 
Recall that XI = (G × G) ×P−I ×PI GI . We denote by hI (the base point) the image of
((1,1),1) in XI . For w ∈ WI put
XI,w,σ = Gd,σ .(Bw,1).hI ,
where now B = P∅, the standard Borel group.
The following result is due to Lusztig and He (see [L, 12.3] and [H1, no. 2], [H2]).
3.5. Theorem. (i) The Gd,σ -stable sets XI,w,σ (w ∈ WI) are locally closed and XI is their
disjoint union;
(ii) dimXI,w,σ = dimG− l(w)− |S − I |.
Proof. Under the bijection of Lemma 3.4(i), XI,w,σ corresponds to ΔI,σ .(Bw).
Recall that P−I = xPιI with x = w0,Sw0,ιI . Then (see 1.2) Σ(B,P−I ) = WιI x−1. If w ∈ WιI
then
wx−1 = w0,S(w0,Sww0,ιI )w0,S ∈ WI ,
since x 	→ w0,Sxw0,ιI is a bijection of WιI and w0,SW ιIw0,S = WI . It follows that Σ(B,P−ιI ) =
WI . Now (i) is a consequence of Lemma 3.4(i) and Theorem 2.6.
For w ∈ WI Proposition 2.11 gives
dimΔI, σ .(Bw) = dimPI + l(wx)
and wx = w0,S(w0,Sww0,I )w0,S . Hence l(wx) = l(w0,Sww0,I ) = dimUI − l(w). Now (ii) fol-
lows from Lemmas 3.4 and 1.6(iii), observing that dimΔI,σ = dimG+ dimUI . 
We record some facts which follow from Theorem 2.6 and its corollaries.
3.6. Corollary. There is a connected reductive subgroup HI,w ⊃ T of G provided with a quasi-
semisimple automorphism τI,w,σ , such that there is a closure preserving bijection between Gd,σ -
orbits on XI,w,σ and τI,w,σ -twisted conjugacy classes of HI,w,σ .
3.7. Corollary. A Gd,σ -orbit in XI is closed in XI,w,σ if and only if it meets (T w,1).hI , for
some w ∈ WI .
3.8. Corollary. Gd,σ acts transitively on XI,w,σ if and only if wσ−1 has no eigenvalue 1.
Assume now that G is defined over Fq and that T is split over that field. Also assume that σ
is defined over Fq .
3.9. Corollary. XI,w,σ is defined over Fq and
|XI,w,σ | = q−l(w)(q − 1)−|S−I |
∣∣G(Fq)
∣∣.
T.A. Springer / Journal of Algebra 313 (2007) 417–427 427Proof. The first point follows from the definitions. The proof of the formula is along the lines of
the proof of part (ii) of the theorem. 
We have a decomposition of the variety ZI into pieces ZI,w,σ , similar to the decomposition
of Theorem 3.5 and with similar properties.
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